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1, Introduction

g a survey was given of statistical

In a prececing report
problems connected with the mixing of fine-grained powders.
Mixtures were considered composed of individual "grains", all
having the same size and the same shape, whereas the grains
belonging to the different componentsonly differ in colour and
possibly in weight.

In this second report a beginning is made with the descrip-
tion of methods which alsc may be applied when the abovemen-
tioned restrictions are dropped. We examine here a statistical
method of analysis which is focused on the discovery of a spe-
cial kind of segregation, namely the gravitational segregation,
i.e. a trend of the amount of one component in a vertical direc-

tion,

2. Gravitational segregation

We consider a mixture of k componen‘csA,,u‘2 Ak which 1is
dgvlded into n layers by n-/ horizontal planes. Now we take from
each layer a sample of the mixture which 1s small in proportion
to the total content of the layer. To test whether the comg§nent
In the cth sample we determine the weight- or volume-fraction

f; 3) of,rA./—particles° The distribution of ii will depend on

the composition of the mixture, on variations in the size of the

A,Shows gravitational segregation, we proceed as follows.

sample and on the method of analysis used. Because the mixturec
will not be completely homogeneous in the sense of the defini-
tions a’or'@rﬁ‘report S 159, the size of the sample expressed
in units of weilght will vary of the sample 1s taken e.g. as a
level spoonful and finally the determination of the fraction

- will be subject to errors as the particles cannot be counted
in practice but are e.g. submitted to a chemical analysis.

In the following sections methods will be considered for
testing the hypothesis fﬁi which states that the lf are dis-
tributed independently and have the same probability distribu-
tion for all ¢=/...,n . In practical terms this means, that the

klayers areequivaient as to their content of /4{, i.e. that
no segregation has taken place.

B R

1) J. HEMELRIJK, Statistical methods applied to the mixing of
solid particles, I, report S 159 of the Statistical Depart-

ment of the Mathematical Centre, Amsterdam 4954,

2) This may be done for each of the components separately.

3) Random variables are denoted by underlined symbols,




We especially want to have tests which are powerful against
gravitational segregation, i.e. the occurence of large fractions
in the lower layers and the contrary of this case, where the

large fractions mostly occur in the top layers.

It may be pointed out that the hypothesis F& not necessarily
implies that the mixing proces from which the mixture has resul-
ted is a random one. If for instance the mixture is clotted as
described in report S 159, page 15, where the lumps of the com-
ponents are randomly mixed, Aﬂ is still satisfied, If the clotting
occurs only in a part of the mixture, e.g. at the bottom of a
packet, then the sampling variation of Zi will become larger in
that place so that Ag no longer holds. This case will be dealt

with in section 8.

3. Coefficients of gravitational segregation
Suppose we have taken a sample in each layer of the mixture

and the fractions fqlfound are

U

Mo
It is clear that the coefficient

(3.1) g=5+2ﬁ+“'+%ﬂ=c§:ﬂ°

is an adequate measure for segregation in a vertical direction.
Because, given n values for the fractions of component fx,not
yet alloecated to specific layers, g becomes larger according as
the larger values occur in the lower layers.

For practical purposes it is advantageous to use another co-
efficient ;/ instead of‘g 5 ﬁ,being statistcally speaking equi-
valent to g s Vi? y
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where {:ﬁ;;;?{. The reasons for adopting ‘% will be explained
in the next section.

We get an alternative coefficient if the f; values are ranktd
according to their size., Let U, be the rank of fz If some of
the fi are equal the ranks which the equal values would possess
if they were different are averaged and this average rank is al-
located to each of the tied values. If we replace now in (3.2)

‘ﬁ by T, we get another coefficient of gravitational segregation

(3.3) 9= L
A



The coefficients‘ﬁ and g& can only assume values between
-1 and +1 and they have the same property as &; they assume
larger values if the fractions in the lower iayers are large,
and low (negative) values if the large fractlons occur in high

layers.,

L, Tests against gravitational segregation, based on 4,
Z
Under the hypothesis #4 and given m values for f;.., ﬁ;

found in the samples“irrespective of their allocation to the
layers, all %./permutations of these values over the layers
are equally probable,

Each of these % /allocations gives one valui of é% and
cach of these values thus has the probabllity 57 to occur.
Thus the distribution function of ;& under ﬁ;, give the values
of ﬁ»-‘-> ﬁ; without their allocation, can be computed exactly.
It is immediately clear that the distribution of i is symmetric,
for.if a permutation of “f).,., f;,is replaced by the permutation
in opposite order, cglchanges into-lgi, Therefore the expected

7,
value of 2% , under 7, , is
(4.1) ((D??, =0 .

Further we have 1)

{. 2 )
(4.2) F(/, =0,
K¢ i _ 6 / [%+).Z@ilfjvn‘3ghiﬂ
(?/f e ,hzm{ ) _/; {nel) (mel) {2‘ fi{; ~ﬁ>a}£ M J

If the last term between square brackets is not too large,
a useful approximation of the probability density of gﬂ is glven
by the density:

o - 2
/

! 2
(4.3) R {/‘/ 2{'”"& k,"‘j/)'z . é"/ = 0?, = /) .

S .
2, 2

The first four moments of this distribution are oagf;ACJand

3 .
Ny and thus agree closely with those of.gb, if fﬂyis true.

s o e Voo gmy Wy em wem

1) Proofs of the results stated in this sectlon will be gilven

in the appendix.




Further it is known that, under rather weak restrictions
;@ is asymptotically normally distributed (cf. the appendix)a
Depending on the value of % one of the following tests may
now be applied:

a) ng s,

Tn this case we use the exact method by computing, if the
value of é% found is > 0, how many permutations of é;..‘s é;
give a value of ¢ which is as large or larger than the value
at hand. If G 15 negative we want the number of permutations
giving values equal to or smaller than g;, If this number iSA‘,

o
then the two-sided probability of exceedance (two-sided tail

probability) of the value of 2, found 1is iT . L.e.
(f 0
Pllalzg [Hot o fl=3>

where g,denotes the random variable, under ﬁﬂj g,the valuc
found in the experiment and f,,q,'@the fractions of A, in the
samples irrespective of their allocation to the layers.

In the following example we have 5 layers 1in which the
fractions of /Qlare

. { layer 1 2 3 I 5
( ‘ ) fraction 0.17 0.21 0.30 0.29 0.27

The corresponding value of ?/ is 0.793. The permutations giving

the largest values of ?ﬁ are

permutation numerator of;z 7
0.17 0.21 0.27 0.29 0.30 0.34 ofé62
0.17 0.21 0.27 0.30 0.29 0.33 0.934
0.17 0.21 0.29 0.27 0.30 0.32 0.906
0.17 0.21 0.30 0.27 0.29 0.30 0.849
0.21 0.17 0.27 0.29 0.30 0.30 0.849
0.17 0.21 0.29 0.30 0.27 0.29 0.821
0.21 0.17 0.27 0.30 0.29 0.29 0.821
0.17 0.27 0.21 0.29 0.30 0.28 0.793
0.21 0.17 0.29 0.27 0.30 0.28 0.793
0.17 0.21 0.30 0.29 0.27 0.28 0.793
0.17 0.27 -0.21 0.30 0.29 0.27 0.764

The probability of getting, under a value as large as or

s 5
larger than g, is therefore é%=:ﬁé . The two=-sided probability
of exceedance 1s thus £><7§;50J7, In this case fthere 1s consc-
quently no reason for rejecting Aé.

We may remark here that for the application of this test 1T
is not necessary to compute the é@ values belonging to the Gif -
ferent permutations. It suffices to cansider the numerators of

,, or the values of ges defined by (3.1), which differ from

the numerators only by a constant.




b) S&NER0
Tf % becomes larger than 5, the determination of the exact
distribution of g& becomes rather laborious. We can than use

© has the distribution (4.3),

the approximation (4.3). Whenfw

then

o
(4.5) ANaaY 4
p——
. Wf’-gg2
nas STUDENT's distribution with (»-2) degrees of freedom and

we can use the tables of this distributilion.

c) n>20.
If 7 is large we can use the normal (0,1) approximation
for the variate V7-/ . 2.
In the case of oug‘example, where =5, both approximations
b) and c) give 0,11 for the pilateral tail probabllity ofcg:
~=0.793. We see that both approximations give rather poor results

in this case, the exact value belng 0.17.

5, Tests based on ga

The approximagion (4.3) for the distribution of g holds
satisfactorily only of the distribution of ]i does not depart
too much from the normal distributilon. If for instance outlying
observations occurr among fthe fg it is better to usecg@ instead
of g{. The coefficient gi is identical with the coefficient of
rank correlation @ of SPEARMAN (cf. M.G. KENDALL (1955), p. 21).
KENDALL gives a table of the exact distribution of 5@ up toa=(0
If "> lowe can use the normal (0,1) approximation for the va-
riate Vﬁ;:?m.é?z ’

Applying this method to our example (4.4) we get ;%.:czéo
Both the exact distribution and the normal approximation g:Lve

a probabllity of exceedance (two-sided) of 0.23.
The use of g, has the disadvantage that it is presumably
less powerful than that Ofg?lj that is a possible gravitational

segregation is detected less easily.

6. More than one observation per layer

Tf we take in the ;P 1ayer £ samples

[
fuso s fig,

‘éz/)'"',\%J-

Ty

we can apply a test against trend for groups of observations




(ct. T.J. TERPSTRA (1052)).")

7. The comparisons of two values of g.

The question also arises to tesg whether two mixtures have the
same gravitational segregation, not necessarily equal to zero.
If a number of independent series of observations is available
for each mixture, methods are avallable to test the eqguality of
two (or more) segregations.

Suppose e.g. one 18 interested in knowing whether shaking
of a mixture influences fthe gravitational segregation. In this
case we devide a number of quantifties of the mixture at randon
into two groups and determine the values Ofcﬂ or&cj2 of both
groups after shaking the units of one of the groups during Some
time.

We then compare the two groups ofég -values by means of a
distributionfree two-sample test, for instance WITCOXCON'!'s teot
(cf. H.B. MANN and D.R. WHITNEY (1947)) .

8. Clotting in a part of the mixture

As was pointed out in sectilon o the variance of ;ﬁ;will be
different Frondifferent values of ¢ if part of the mixture 1s
clotted. Therefore the assumptions used in determining the dis-
tributions of ¢, and ¢, are then no more satisfied. But if no
gravitationalééegregg%ion nas occurred the expected values of
the fq will still be the same for all « and therefore

-l

C'D
(8./\) C/O;/)/ = O @, —

5
&

—

st1ll holds.
For testing against gravitatlonal segregation we may then
analyse a number of packets of the mixture and compute for cach

packet the value of @, . This gives a set of values of;@:

g//)"wé?/é
We may then test whether the expectation of the RN

¢

is equal to zero by means of STUDENT's test for the mean of a
normal distribution. The test statistic of this test 1is

! Pran . ]/
(8.2) £ - < | jy/sm IRV S
- 5 2 k1t 7 ("2?" =k Fre ) »

1) A modified form of tThis test will be described in a forth-
coming paper by the same author. A description (in Dutch) 1s
also given in the memorandum report S 168 (M 61) of the Statis-
tical Department of the Mathematical Centre.
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which has, approximately, a Student distribution with sz degrees
of freedom if no segregation is present, assuming approximate .
normality and equal variances for the variates &..

Tnstead of this test we may also apply a distributionfree
test for symmetry (cf. e.g. J. HEMELRIJK (1950)), avoiding the
assumptions of normality and equalilty of variances. This test
also has an approximate character, because the distribution of

the 9,. need not be exactly symmetric.

gVé
9. Appendix

our coefficient g, as defined by (3.2) is a special case of
the cocfficient of correlation z of E.J.G. PITMAN (1937) deter-

mined from a set of paired pbservations X, ¢, 5 XsYa s s Xarlly

zj(%u~kf/%a~ﬂﬁ
(9.1) c. & o

= 2 2
V7 (e -x ) 2y -y
Lo le
PITMAN has computed the first four moments of ¢ under the
assumption that all ?1/possible sets of pairs Kjg given the
numbers :@,‘nbx;andfﬁ).upggbare cguelly probable. These moments

are
Ex 2o,
Ty ) /
Coeh= 507
(9.2) | ? ,f
@ Mmooz K3
Lo 27 = g (- N A),;/;’“ k:»/m.
Y z
oo 2, @by ko
. 2’ N2/ g (met) (=03 éf ky
where
4 TS N B
— JUS—— N— i/ L. J(‘ i
41« = % - {' A \,rk—u N
4 n 5T 2
hy s TN e (e,
(n-a){n-2)

. 5
e DN 3 s .
Ffi: {‘C'}w«/) Lo g ?C)L{‘“ M (n—0) [f‘“ (Xe~ QT)} }

7= (n=p) (w2 (n3)

! e .
and k1}k5 and &fare the corresponding expressions in the_yﬁ'
Substituting #,: ¢ and Y = %:, we get £= ¢, and the momcnts
; : \ ‘ I
as given by (4.1) and (4.2) -
Further W. HOEFFDING (1952) has shown that under Aé the test
statistic



Z {QL‘ - Q)Zf
(9.3) é@ =

N \a ] Q/??“/"') !
a \\/ Z (@, “6?‘-) < LJ[c: - _7[/
where @,,.. ., d,are given numpers is asymptotically normally (0,1)
distributed 1if éﬁ f ('<<kz and
mane (a;-a. )"

9.4) _&,}% I X =0
( Mo o2 7 KCZC;-@ \"

If we take &,=c¢, we get_§§/~f§9<? and condition (9.4) is
Satleled which proves the asymptotic normality of‘g provided
E V< oo

Finally E.L. LEHMANN and C. STEIN (1949) have shown that the
test based on (9.3) is most powerful for testing th against the
1, are normally distributed with mean
ag§+A7 and common variance o *. So our test based on g?/lg
most powerful against the alternative that the f?aru norma]l‘

distributed while the means show a linear trend.

alternative that the
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